We introduce a lattice fermion model in one spatial dimension with supersymmetry (SUSY) but without particle number conservation. The Hamiltonian is defined as the anticommutator of two nilpotent supercharges Q and Q † . Each supercharge is built solely from spinless fermion operators and depends on a parameter g. The system is strongly interacting for small g, and in the extreme limit g = 0, the number of zero-energy ground states grows exponentially with the system size. By contrast, in the large-g limit, the system is non-interacting and SUSY is broken spontaneously. We study the model for modest values of g and show that under certain conditions spontaneous SUSY breaking occurs in both finite and infinite chains. We analyze the low-energy excitations both analytically and numerically. Our analysis suggests that the Nambu-Goldstone fermions accompanying the spontaneous SUSY breaking have cubic dispersion at low energies.
I. INTRODUCTION
Besides an artificial fine-tuning, one non-trivial way to guarantee the existence of gapless excitations is to use spontaneous symmetry breaking. If ordinary bosonic symmetry is spontaneously broken, we expect the emergence of gapless bosonic degrees of freedom known as Nambu-Goldstone (NG) bosons. If, on the other hand, fermionic symmetry is spontaneously broken, we expect the emergence of gapless fermionic degrees of freedom known as NG fermions.
One important example of fermionic symmetries is what is called supersymmetry (SUSY) [1, 2] , where the anticommutator of its generators gives the Hamiltonian. A motivation of SUSY in particle physics is to render the hierarchy problem less severe, but SUSY itself has yet to be observed experimentally. Therefore, SUSY, if any, must be spontaneously broken in our world. In relativistic systems, it is known that spontaneous SUSY breaking leads to massless fermions called Goldstinos as a NG fermion [2, 3] . An effective description of the Goldstinos is well-understood by using the non-linear realization of the SUSY [4] .
On the other hand, explicit SUSY in lattice models [5] [6] [7] [8] [9] [10] [11] and emergent SUSY at quantum critical points [12] [13] [14] [15] [16] [17] have recently been discussed in the condensed matter literature. In some systems, spontaneous SUSY breaking occurs and gives rise to NG fermions. For example, Yu and Yang introduced a model with SUSY in the context of cold atoms. In the model, it was shown that SUSY is spontaneously broken and there exist gapless excitations with quadratic dispersion, which implies the existence of NG fermions [7] . In 2 + 1 and 3 + 1 dimensional topological superconductors, the topologically protected edge/surface Majorana fermion is identified with a NG fermion arising from spontaneous SUSY breaking [13] .
In contrast to relativistic systems, the nature of NG fermions in non-relativistic systems is less wellunderstood. While the classification theory of nonrelativistic NG bosons [18] [19] [20] has received renewed attention [21, 22] , its naive application to SUSY may lead to a wrong conclusion. In our previous work, we developed a theory of NG fermions in lattice systems and studied the properties of NG fermions in the extended Nicolai model [23] , which is a generalization of the model studied by Nicolai in 1970s [24, 25] . The model exhibits spontaneous SUSY breaking accompanied by NG fermions with a linear dispersion. We have clarified at which point, the hidden assumption in the argument of the NG bosons such as decoupling from the other gapless excitations, is violated.
In this paper, we introduce another curious example of spontaneous SUSY breaking. The model is constructed solely out of fermions on the lattice, which is analogous to the Nicolai model, but it has only Z 2 symmetry rather than the U(1) symmetry. It turns out that the NG fermions have a cubic dispersion relation in the wave number p without fine-tuning. This is again unexpected from the general theories of non-relativistic NG bosons. We note that the model with cubic dispersion is discussed in the study of topological phases of matter [26] [27] [28] and quantum spin liquids [29, 30] , and our model may be used to naturally realize such a cubic dispersion relation.
The organization of this paper is as follows. In Sec. II, we introduce the system we study and describe the symmetries of the model. We then introduce the Hamiltonian as the anticommutator of the two supercharges. In Sec. III, we focus on the case where SUSY is unbroken and show that the number of SUSY singlets, the zero-energy ground states, grows exponentially with the system size. In Sec. IV, we first provide a precise def-inition of spontaneous SUSY breaking. We then prove that SUSY is spontaneously broken in finite and infinite chains when g > 0 and g > 4/π, respectively. In Sec. V, we study the low-energy properties of the model using rigorous inequality and numerical diagonalization. We provide strong evidence for the existence of a massless excitation and show that its dispersion is cubic. The conclusion is given in Sec. VI. In Appendix A, we present the results for the number of the ground states in the g = 0 model with open boundary conditions. In Appendix B, we present a random generalization of the Z 2 Nicolai model i.e. the SUSY Sachdev-Ye-Kitaev (SYK) model [31, 32] . The derivation of some of the formulas used in the main text is presented in Appendices C and D. In Appendix E, we discuss the stability of the cubic dispersion against SUSY-preserving perturbations. In Appendix F, we present a generalization of the model on a two-dimensional triangular lattice.
II. MODEL
We consider a system of spinless fermions on a chain of length N . For each site j, we define a creation (annihilation) operator as c † j (c j ). These operators obey the canonical anticommutation relations
for all i, j = 1, . . . , N . We denote the number operators by n j := c † j c j (j = 1, ..., N ) and write the total fermion number as F := N j=1 n j .
A. Supercharges and Hamiltonian
Let us define the supercharge as
where periodic boundary conditions (PBC) are assumed. The other supercharge Q † is defined as the Hermitian conjugate of Q. Both Q and Q † are nilpotent and made up solely of fermion operators. In terms of these supercharges, the Hamiltonian of our model is defined as
We refer to this model as the Z 2 Nicolai model. In the following, we consider the case g ≥ 0 since H with g ≤ 0 can be achieved by a local unitary transformation
We frequently use the following properties that follow directly from the definition Eq. (3): (i) all energy eigenvalues of H are non-negative, (ii) states with a positive energy come in pairs, and (iii) any state with zero energy is a ground state and is annihilated by both Q and Q † [2, 5, 6] . Since each summand in Q is local and fermionic, the Hamiltonian H is local as well. To see this, let us derive the explicit expression for H. After some algebra, we have
where
A schematic of each term in the Hamiltonian is shown in Fig. 1 . The first term H free describes the pairing terms of nearest and next-nearest neighbor particles. Since it is quadratic, one can easily solve it (see Appendix C for details). The second term H 1 consists of the on-site potential and the repulsive interaction between two particles on nearest-neighbor or next-nearest-neighbor sites. The third term H 2 is rather complicated, but the first line represents a pair hopping term. The second line of Eq. (7) can be thought of as the third-neighbor hopping term, the amplitude of which is influenced by the presence or absence of fermions between the sites.
B. Symmetries
The Z 2 Nicolai model has various symmetries, including both fermionic and ordinary symmetries. The supercharges are conserved charges that commute with the Hamiltonian
which follows from the nilpotency of Q and Q † . Because of the pairing terms, the model does not have U(1) symmetry. Instead, it has Z 2 symmetry, i.e., H commutes with the fermionic parity
We note in passing that a supersymmetric lattice model with only Z 2 symmetry but different from our Z 2 Nicolai model has been studied in the context of integrable models [33] . We remark that the symmetry is enhanced to U(1) when g = 0, which follows from the fact that Q/Q † at the point decreases/increases the fermion number F by exactly three. As a result, the terms H 1 and H 2 in Eqs. (6) and (7) commute with F . Let us discuss the other symmetries. The supercharge
). As a consequence, the Hamiltonian is invariant under translation by one site. Next, we introduce the inversionlike unitary operator U that acts as
The explicit expression for U in terms of fermion operators can be derived by noting that the operator
permutes c i and c j [34] . Under this symmetry operation, the supercharges Q and Q † are invariant up to phase factors:
Therefore, we have
which implies that U commutes with H. The operator U plays a crucial role in our analysis below.
III. SUSY SINGLETS
In this section, we restrict ourselves to the case g = 0 where the supercharge in Eq. (2) becomes
and the Hamiltonian reduces to H = H 1 + H 2 . Similarly to the original Nicolai model [24, 35] , SUSY is unbroken in this case, i.e., the ground-state energy is exactly zero. This is easily verified by noting that the state with a fermion on every other site,
is annihilated by both Q and Q † . Here, • and • denote empty and occupied sites, respectively, and the total number of sites N is assumed to be even for simplicity. There are many other states annihilated by both Q and Q † . For example, the state with a fermion on every third site,
is another ground state. In fact, the number of the zeroenergy ground states grows exponentially with the system size. In Sec. III A, we present numerical results and discuss how fast the ground-state degeneracy increases with N . In Sec. III B, using a transfer matrix method, we count the number of ground states which can be written as product states. In Sec. III C, we obtain a lower bound on the number of the ground states by computing the Witten index. 
A. Numerical results
The second row of Table I shows the number of the zero-energy ground states for periodic chains up to N = 16 sites. The results are obtained by numerical diagonalization. The data obtained suggest that the number of the ground states (Z) grows exponentially with N . From the fit to the data, we find
where the data for N = 14, 15, 16 are used for the fit. Thus we have an extensive ground-state entropy when g = 0. The ground-state entropy per site reads S GS /N = ln Z/N ∼ 0.566.
The model with open boundary conditions can be studied in the same way. From the results obtained, we conjecture that the ground-state entropy per site is exactly given by S GS /N = ln x * ∼ 0.571, where x * is the real root of the cubic equation x 3 −2x−2 = 0. The result obtained is remarkably close to the value in the periodic case. We provide evidence for this conjecture in Appendix A.
B. Counting classical ground states
An extensive ground-state entropy is a common feature in many supersymmetric lattice models and is called superfrustration [6, 8, 9, 11] . To get a better understanding of superfrustration in our model, it is instructive to consider the product states annihilated by both Q and Q † . In the following, they are referred to as classical ground states. In fact, they are the ground states of H 1 , the classical part of the Hamiltonian where frustration in the classical sense exists because the nearest and next-nearest neighbor interactions cannot be minimized simultaneously.
It is easy to see that a product state which does not contain the configuration • • • or • • • in any three consecutive sites is a classical ground state. This can be rephrased as follows: a classical ground state is a state in which the configuration of any three consecutive sites is one of the following: 
Here, the order of the basis states is
The eigenvalues of T can be computed analytically, and are given by
Thus, we have
(17) When N is large, Z cl is dominated by the contribution from the largest eigenvalue λ max of T . Therefore, we have
N for large N . The fact that Z cl < Z clearly shows the existence of entangled ground states that cannot be simply expressed as product states.
C. Witten index
We now derive a better lower bound for Z by computing the Witten index. To this end, let us first consider the structure of the space of states. Because of the U(1) symmetry at g = 0, the fermion number F is conserved and the Hamiltonian is block-diagonal with respect to F . Since Q/Q † decreases/increases F by exactly three, the total Hilbert space can be divided into three sectors H f (f = 0, 1, 2), where H f denotes the sector of all states with F = f mod 3. In each sector, the Witten index is defined as
where β ≥ 0. Since all positive-energy states come in pairs with the same energy but the opposite (−1)
F , only the zero-energy states contribute to W f . Therefore, W = f |W f | gives a lower bound for Z. The explicit value of W f can be computed by noting that each W f is independent of β and can be evaluated in the limit β → 0. After some manipulation of binomial coefficients, we have
For both even and odd N , the Witten index W grows exponentially with N and a lower bound for the groundstate entropy per site is obtained as S GS /N ≥ ln 3/2 = 0.549..., which is slightly smaller than the true value obtained numerically. We note that the computation of the Witten index here does not rely on translation invariance, and thus applies to a model with random couplings such as the supersymmetric SYK model [31, 32] . In fact, the authors of Ref. [32] carried out a similar analysis and obtained consistent results. Though the Witten index gives a lower bound for Z, it does not tell us their exact values. Another powerful tool to study Z is cohomology of Q [5, 6] . The nontrivial cohomology classes of Q are in one-to-one correspondence with the zero-energy ground states. Therefore, it would be interesting to use cohomology to compute Z exactly. This is, however, beyond the scope of the present study and is left for future work.
IV. SPONTANEOUS SUSY BREAKING
In this section, we show that spontaneous SUSY breaking occurs in the Z 2 Nicolai model. We start with a precise definition of spontaneous SUSY breaking [23] .
Definition: SUSY is said to be spontaneously broken if the ground-state energy per site is strictly positive.
For finite-size systems, the definition simply states that SUSY is spontaneously broken if there is no zero-energy state. We note that the Hamiltonian is non-negative by construction. For the infinite-size system, the definition excludes the possibility that SUSY is restored in the infinite-volume limit, as pointed out by Witten [2] . Thus, the definition is applicable to both finite and the infinite-size systems. Below we discuss the two cases separately.
A. Spontaneous SUSY breaking in finite chains
Let us prove that SUSY is spontaneously broken in finite systems when g > 0. The proof is parallel to the one given in [23] . We first note that the following operator
satisfies {Q, O j } = g for all j = 1, 2, ..., N . This can be verified by a straightforward calculation. Next, we suppose that there exists a zero-energy state |ψ 0 = 0. Then, from the fact that the state |ψ 0 is annihilated by both Q and Q † , we find
However, this contradicts the fact that g > 0. Thus, we have no zero-energy state unless g = 0. This proves the spontaneous SUSY breaking. We note that the absence of zero-energy states simply implies W = Tr[(−1) F e −βH ] = 0 for g > 0. The discontinuity of the Witten index at g = 0 can be understood as follows. As we see in the next section, the dispersion of excitations becomes flatter and flatter with decreasing g, and is completely flat in the limit g = 0. Thus, we expect that a large number of excitation energies go to zero simultaneously when approaching g = 0, and the abrupt change in the Witten index is allowed.
B. SUSY breaking in the infinite-volume limit
Let us next prove that SUSY is spontaneously broken in the infinite-volume limit when g is sufficiently large.
To this end, we use Anderson's argument [36] [37] [38] [39] [40] , which gives a lower bound for the ground-state energy. The proof is again parallel to the one in [23] .
Let E 0 be the true ground-state energy of the chain of length N . Because the sum of the lowest energies of the individual terms in Eq. (4) is equal to or less than E 0 , we get the following inequality:
where E free 0
is the ground-state energy of H free . Here, we have used the fact that the ground-state energy of H 1 + H 2 (the Hamiltonian for g = 0) is zero, as shown in the previous section. Dividing both sides of Eq. (22) by N , we have the following inequality
where we denote the ground-state energies per site of H and H free by e(N ) and e free (N ), respectively. This inequality is valid for all N . In the infinite-volume limit, e free (N ) becomes −4g/π. A detailed derivation is given in Appendix C. From the result, we find that the groundstate energy per site in the infinite-volume limit, say e 0 , is bounded from below as
Therefore, it is clear that SUSY is broken spontaneously in the infinite system when g > 4/π. The condition is sufficient but may not be necessary. In fact, numerical results suggest that spontaneous SUSY breaking occurs in the infinite-volume limit unless g = 0. We expect that a more sophisticated method can prove this rigorously, but leave this possibility for future work.
V. NAMBU-GOLDSTONE FERMIONS
In the previous section, we have shown that SUSY is spontaneously broken when parameter g is larger than 0 (4/π) for finite (infinite) systems. In this section, we show the existence of massless fermionic excitations. In Sec. V A, we prove, with a variational argument, the existence of an excited state whose excitation energy is bounded from above by a linear dispersion relation. In Sec. V B, we show numerical results obtained by exact diagonalization. The results provide convincing evidence that the lowest excited states have cubic dispersion.
A. Variational argument
In this subsection, we prove that spontaneous SUSY breaking leads to the existence of massless fermionic excitations. We use the Bijl-Feynman ansatz [41] , which was used to study the low-lying excitations of the Heisenberg antiferromagnets [42] [43] [44] . We assume the condition that g > 4/π so that SUSY is spontaneously broken, and that the ground state degeneracy does not increase as system size N increases. This is reasonable because our numerical results suggest that the ground-state degeneracy is two when N is odd, while it is four when N is even.
Let |ψ 0 be a normalized ground state of H. Without loss of generality, we assume that |ψ 0 is annihilated by the supercharge Q. The state Q † |ψ 0 is another ground state with the same energy. Since the fermionic parity (−1)
F and the inversion-like operator U in Eq. (10) commute with H, |ψ 0 can be chosen to be an eigenstate of (−1)
F and U . Note that the eigenvalues of U take the form e iθ (θ ∈ R) because of the unitarity of U . For the purpose of our discussion, we define local supercharges as
The Fourier transform of q j is then defined as
Here, the wave number p takes values p = 2πm/N (m ∈ Z). We note that Q p becomes the supercharge Q when p = 0. The operators Q p and Q −p (Q † p and Q † −p ) are related to each other by U as
We now introduce the following variational states
and assume p = 0. Here, the states |ψ 1p and |ψ 2p are orthogonal to the ground states |ψ 0 and Q † |ψ 0 since |ψ ip (i = 1, 2) is a linear combination of two states with nonzero momenta +p and −p [45] . We get the variational energy as follows:
Here, the symbol · · · 0 denotes the expectation value in the ground state, i.e., ψ 0 | · · · |ψ 0 . To evaluate the numerator, it is important to note that the local supercharges satisfy the following locality,
From the above relations and the identity [H, 
which holds for any state |ψ and arbitrary operators A, B. The proof of this inequality can be found in [23, 46] . With this inequality, we have
For clarity, we introduce two functions of wave number p defined by
in terms of which Eq. (32) is rewritten as
First, let us examine f d (p). With Eq. (27) and the fact that |ψ 0 is an eigenstate of U , we find that f d (p) is an even function of p. Then it follows from f d (0) = E 0 that we have
Here, f d (p) is of the order of N (with the ground-state energy density E 0 /N fixed) from the locality Eq. (30) and is non-vanishing for small p. 
where C is a non-negative constant. Then we have
This clearly shows the existence of massless excitations. Since the trial states and the ground state |ψ 0 have the opposite parities, these excitations can be thought of as fermionic ones, i.e., Nambu-Goldstone fermions.
In the above argument, the assumption that the ground state degeneracy is finite and constant for the same parity of N plays an important role since the possibility that the trial states become other ground states orthogonal to |ψ 0 and Q † |ψ 0 for small p can be excluded.
B. Numerical result
In the previous subsection, we proved the existence of massless excitation. One might think that the inequality Eq. (38) implies a linear dispersion. However, the actual dispersion in the Z 2 Nicolai model is most likely to be cubic in p. In order to verify this, we first consider the large-g limit. In the large-g limit, the Hamiltonian is dominated by the constant term and the free part,
Hamiltonians H 1 and H 2 in Eq. (4) are negligible since they are independent of g. Using the Bogoliubov transformation, Hamiltonian H free can be rewritten as
. (40) Here, f (p) = i[2sin(p) − sin(2p)] and the momentum p takes values 2πm/N (m ∈ Z) . Precise definitions of the quasiparticle operators, d 1p ,d 2p , can be found in Appendix C. From Eq. (40), one can see that the lowest-lying excitation energy of H free is given by E(p) = 2g|f (p)|. When p is small enough (p ≪ π), E(p) can be approximated as
Thus, the dispersion is indeed cubic in the large-g limit. Now the question is whether or not the dispersion is cubic for moderate values of g. To see this, we calculated dispersion relation with exact diagonalization with N = 10, . . . , 15. The energy spectrum of the total Hamiltonian with PBC for g = 4 is shown in Fig. 2 and Fig. 3 . In  Fig. 2 , we display energy spectra for odd N , while we display those for even N in Fig. 3 .
FIG. 2. Dispersion relation of the Z2
Nicolai model for g = 4. We plot energy spectrum ε(p) for N = 11, 13, 15. Here, p is the wave number. The gray solid curve indicates the one-particle dispersion relation of H free and is described by 2g|f (p)|. Gray dotted curve is described by 4g|f (p/2)| and indicates the dispersion of two-particle bound states of H free .
In Fig. 2 , the gray solid curve is the one-particle excitation spectrum of the free Hamiltonian H free for g = 4 as a function of p, and the gray dotted curve is the twoparticle spectrum with total momentum P , which is described as 4g|f (P/2)|. The dispersion fits to the gray solid curve and is quite likely to be cubic in the vicinity of p = 0. We expect that the energy levels below the gray dotted curve correspond to those of m-particle bound states with m > 2. It is known in ferromagnetic spin chains that some energy eigenvalues of bound states are lower than those of scattering states [47] .
FIG. 3. Dispersion relation of the Z2
Nicolai model for g = 4. We plot energy spectrum ε(p) for N = 10, 12, 14. Here, p is the wave number. The gray solid curve indicates the one-particle dispersion relation of H free and is described by 2g|f (p)|. The gray dotted and dashed curves are described by 4g|f (p/2)| and 2g|f (π − p)|, respectively. They indicate the dispersion of two-particle bound states of H free .
The results of exact diagonalization for even N with PBC are shown in Fig. 3 . The definitions of gray solid and dotted curves are the same as those in Fig. 2 . In  Fig. 3 , the dispersion relation is again likely to be cubic around p = 0 since it fits the gray solid curve. From the plot, we see that the energy spectrum is symmetric about p = π/2. Because of this symmetry, we have also cubic dispersion around p = π. The gray dashed curve is described by 2g|f (π − p)| which shows good agreement with the data.
In order to provide further evidence of cubic dispersion, we plot the first excitation energies relative to the ground state as a function of 1/N 3 for g = 2, 4, 6, 8. They are calculated using exact diagonalization with N = 10, . . . , 20. The results are shown in Fig. 4 . Since 1/N is proportional to the wave number p, the Fig. 4 tells us that the lowest excitation energy is cubic in p. This result is consistent with the excitation spectrum shown in Figs. 2 and 3 and the single-particle energy spectrum of H free in Eq. (40) . Therefore, the NG fermions in our system have cubic dispersion at low energies.
An interesting question is whether this cubic dispersion is stable to the addition of small perturbations. We partially answer this question by using a scaling argument and numerical calculations. We find that the dispersion in the vicinity of p = 0 is still cubic even in the presence of SUSY-preserving perturbations (see Appendix E for details).
VI. CONCLUSION
In this paper, we have introduced and studied a lattice fermion model without U(1) symmetry but with Z 2 symmetry in one dimension, whose Hamiltonian is defined as the anticommutator of the supercharges Q and Q † . When g = 0, SUSY is unbroken and the groundstate entropy is extensive, i.e., the number of the zeroenergy states grows exponentially with the system size N . When g is nonzero, SUSY is spontaneously broken in finite chains. For the infinite chain, we showed that SUSY is spontaneously broken when |g| > 4/π. We numerically found that the number of the ground states is finite and depends only on the parity of N unless g = 0. F Our analysis has revealed the nature of the low-lying excitations in the Z 2 Nicolai model. With a variational approach, we proved that there exist low-lying states whose energies are bounded from above by a linear dispersion. This result clearly shows the existence of gapless excitations. Furthermore, using exact diagonalization, we showed that the dispersion relation of our model is cubic in wave number p, ω ∝ |p| 3 , at low energies. The low-lying excitation of the extended Nicolai model, which has U(1) symmetry, is described by a conformal field theory with central charge c = 1 [23] . Thus, this low-energy effective theory has emergent Lorentz invariance. By contrast, the low-energy theory of the model introduced in this paper explicitly breaks Lorentz invariance since the dispersion is cubic.
The model we introduced is the first example in which NG fermions with cubic dispersion are realized by the spontaneous SUSY breaking. This dispersion relation is protected unless one introduces extra degrees of freedom, and one cannot lower its power as long as we preserve the SUSY. This is remarkable for the following two reasons. First of all, from the algebraic structure and the symmetry breaking pattern alone, we may expect the linear dispersion relation (e.g. as in the U(1) symmetric generalized Nicolai model [23] ), but we encounter the cubic dispersion. Secondly, we, nevertheless cannot modify the dispersion relation, and the cubic dispersion relation is actually stable.
Gapless excitations are at the core of universality and non-trivial infrared physics. One may use our exotic cubic dispersion relation with non-trivial dynamical critical exponent to explore new phases of condensed matters. In this respect, we note that our model can be extended to higher dimensions. In Appendix F, we demonstrate that a generalization of our model to the two-dimensional triangular lattice also exhibits NG fermions with cubic dispersion in the large-g limit. In particular, we find that the two-dimensional dispersion relation of our NG fermions is the same as that of the Majorana fermion excitations discussed in a class of quantum spin liquids on the triangular lattice [29, 30] . Given the same dispersion relation, it is an interesting question to ask if we can realize SUSY and its spontaneous breaking in such quantum spin systems. We find that the numbers Z follow the sequence A107383 in the On-Line Encyclopedia of Integer Sequences [48] , which is defined by the following recurrence relation,
where we denote by Z N the number of the ground states of the chain of length N . For large N , this number scales as Z N ∼ (x * ) N , where x * ∼ 1.769 is the real root of the cubic equation x 3 − 2x − 2 = 0. Although we cannot prove this analytically, we believe that the result holds for arbitrary N .
We remark that the result extends to the inhomogeneous case where the supercharge takes the form
with spatially varying couplings s j = 0 (j = 1, 2, ..., N ). Surprisingly, our numerical results suggest that the number of the ground states remains unchanged for an arbitrary set of s j . Therefore, we conjecture that the numbers Z N are robust against perturbations that make Q inhomogeneous. The number of the classical ground states (Z cl ) can be computed in the same fashion as in the periodic case discussed in the main text. The analytic expression for Z cl is given by
Their numerical values are shown in the third row of Table II , along with the Witten indices in the forth row. Clearly, they are equal to or smaller than the exact values of Z.
Appendix B: SUSY SYK model
The Z 2 Nicolai model discussed in the main text was defined on a one-dimensional lattice. Instead, let us consider the infinite-range random supercharge
where g i and C ijk are random Gaussian variables with the variance
Let us first consider the case with g i = 0 (i = 1, ..., N ). Defining the Hamiltonian by H = {Q, Q † }, we obtain the SUSY version of the SYK model, which is also discussed in [31, 32] . The original SYK model has an infiniterange random four-Fermi interaction and possesses a nontrivial large-N solution. It is supposed to describe a holographic dual of a black hole. In a similar manner, we expect that the SUSY version of the SYK model with the supercharge (B1) describes a holographic dual of a supersymmetric or extremal black hole (effectively in 1 + 1 space-time dimensions).
Some of the interesting features of the Z 2 Nicolai model studied in the main text are shared with the SUSY version of the SYK model. For example, the ground state of the model for fixed C ijk is exponentially degenerate. The number of the ground states and the Witten index for various N are shown in Table III . In most cases, the inequality Z ≥ W is saturated. The exceptional cases where Z > W are consistent with those found in Ref. [32] .
One may formally study the large-N scaling solution for the (quenched-average) two-point function by solving the Schwinger-Dyson equation with the scaling ansatz [49] . We, however, note that the model has exponentially degenerate ground states, so the meaning of the scaling solution should be understood better. As in the Z 2 Nicolai model discussed in the main text, having non-zero g makes the SUSY spontaneously broken (for a fixed set of g i and C ijk ). One would expect a Nambu-Goldstone mode, but since the model is not translationally invariant, it is more non-trivial to discuss the dispersion relation. It is an interesting future direction to see if such a deformation is related to black holes with spontaneous SUSY breaking.
where |vac is the vacuum (d 2,p |vac = d 1,p |vac = 0 for all p). One finds the ground-state energy of H free as
Since f (π) = 0, we can add p = π to the sum. For a chain of even length N , one finds
while, for odd N , one gets 
As in the case of H free discussed in Appendix C, whether the length of the chain is even or odd is important in the calculation of the ground-state energy of a free hopping Hamiltonian [23, 38] . Let us derive the condition under which the denominator of Eq. (35) becomes positive. First, we examine the case of even N . A straightforward calculation shows that the operator H free is bounded from below as H free (p) ≥ − 4g cos p tan(π/N ) .
Applying this inequality to Eq. (D1), we get
When g > (4/π) cos p, the dominator of Eq. (35) must be positive. Since cos p is equal to or smaller than unity, the dominator of Eq. (35) must always be positive when g > 4/π, in which case SUSY is spontaneously broken. Next, we examine the chain of odd length N . When N is odd, we get the following inequality This inequality is more complex than that for even N . For |p| < 
where we have used the fact that cos p > 1/2 and the inequality sin x ≥ 2x ≥ /π which is valid when 0 ≤ x ≤ π/2. Applying the inequality Eq. (D6) to Eq. (D1), we have
In this way, we get a rigorous lower bound for f d (p) in Eq. (35) . Since cos p is smaller than unity, f d (p) must be nonvanishing for g > 2. This gives a sufficient condition under which the inequality Eq. (38) holds.
